JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 2, March-April 1997

Near-Optimal Guidance Law
for Ballistic Missile Interception

John J. Dougherty*
TRW Systems Integration Group, San Bernardino, California 92402

and

Jason L. Speyer'
University of California, Los Angeles, Los Angeles, California 90095

A perturbation procedure is applied to the problem of finding an optimal control for a ballistic missile interceptor.
Certain forces, such as thrust and gravity, are assumed to dominate the equations of motion. The optimal control
problem is integrable if the remaining forces are neglected; the approximate effects of the neglected forces can be
calculated noniteratively and added to the solution. For certain trajectories, however, the aerodynamic forces are
not negligible. Including the aerodynamics directly in the dominantdynamics destroys the analytical solution upon
which the procedure depends. Instead, approximations of the aerodynamic forces are included through narrow
pulse functions. This technique produces a good approximation to the optimal control and is computationallymore
efficient than previous methods. Provisions also are made to account for the interceptor’s coast phase and terminal
constraints. The near-optimal guidance law is used to produce intercept trajectories against a number of target
trajectories. The approximate trajectories compare well with numerically generated optimal trajectories.

I. Introduction

HE necessary conditions for the optimal control of a ballistic

missile interceptor form a nonlinear two-pointboundary value
problem. Direct numerical solutions of this problem require iter-
atively integrating nonlinear differential equations. Not only does
this involve substantialcomputation,but the convergence properties
can be poor. Often, solving the two-point boundary value problem
in real time is not feasible. When a real-time controller is required,
another approach is necessary.

A techniquethat has been shown to produce good approximations
to the optimal control for a variety of problems uses a perturbation
procedure."? Some forces are assumed to dominate the equations
of motion; the equations are such that the optimal control problem
is integrable if the remaining forces are neglected. Once this under-
lying problem is solved, the approximate effects of the neglected
forces can be calculated without iteration. The chief advantage of
this approachis that it involves only the solution of a set of coupled
nonlinear equations and the noniterative integration of quadratures.
It is therefore feasible to host the algorithm in onboard flight com-
puters and perform the optimization in real time.

Feeley>* used a perturbation approach for obtaining an approxi-
mate optimal control for a two-stage boost vehicle that was powered
throughout flight. He noted that the thrust and gravity forces dom-
inate the aerodynamic forces and that the zeroth-order differential
equations, including only the dominant forces, have an analytical
solution. Mishne and Speyer® and Speyer and Crues® applied this
approachto the problem of an aeroassisted plane-changemaneuver.
The approximation used in those works is valid when the aerody-
namic forces dominate gravitationalforces.Ilgenet al.” solveda ver-
sion of the problem using a calculus-of-variatiors approach rather
than a dynamic programming approach. Calise and Melamed®~!°
considered the initial and terminal portions of an aeroassisted plane
change, where aerodynamic forces are still small, in addition to the
aerodynamically dominated region. They used matched asymptotic
expansions to derive a uniformly valid solution.

The perturbation approach also can be applied to the problem
of generating near-optimal trajectories for a vehicle designed to
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intercept medium range ballistic missiles. The interceptor has sev-
eral boost stages and a long unpowered coast phase. Although the
problem is similar to the one solved by Feeley,** extensions to
his work have been made to accommodate the multiple stages and
the differingboundary conditions. Furthermore, the assumption that
gravity dominates aerodynamicsduring the coast phase necessitates
special treatment of the zeroth-order constraints. The extensions to
Feeley’s work and the treatment of the constraints are discussed in
Secs. II and III.

Most significantly, the assumption that aerodynamic forces are
only a perturbingeffectis not valid for longer trajectories.Including
the aerodynamics directly in the dominant dynamics would destroy
the analytical solution to the zeroth-order differential equations.
Instead, approximations of the aerodynamics can be included in
the dominant dynamics in such a way that the analytical zeroth-
order solution is preserved. Techniques for both the thrust and coast
phases are considered. The technique used in the thrust phases is
described in Sec. IV. This technique assumes a discontinuous form
for the states and costates. The major effects of the aerodynamics
are included in both the states and the costates without increasing
the dimension of the zeroth-order problem. It is superior in this
respectto previousapproaches>*!! as describedin Sec. VI. Another
technique is possible for coast phases, as described in Sec. V.

The near-optimal guidancelaw was used to generateintercepttra-
jectories against a number of target trajectories. Comparisons were
made to optimal trajectories produced by a numerical solution to
the full necessary conditions. Results and conclusions are provided
in Secs. VII and VIIIL.

II. Basic Near-Optimal Solution

The two-dimensionalequations of motion for the ballistic missile
interceptor, in Cartesian coordinates, are
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where T}, is the net thrust, m is the interceptormass, I is the control,
g, is the gravity, p is the air density, V is the velocity magnitude, S is
the interceptoraerodynamicreference area, and C; and Cp, are the
lift and drag coefficients.'? The coordinate frame is Earth-centered,
with X5 along the launch-site vertical and X, in the downrange
direction.

The optimization problem is to minimize

J = ¢lx(ty), t/] )
subject to the dynamics (1-4), the constraints
Ylx(ty), 17]1=0 6)

and x(7,) given. For the ballistic missile interceptor, the problem is
to intercepta moving target (match terminal positions) in minimum
time. The targetis modeled as moving along a known ballistic path.

By making assumptions about the relative sizes of terms in Eqs.
(3) and (4), the equations of motion are rewritten as

% =flx,u) +eglx,u) M
wherex = [X; X; w; w;]” andu = T. The primary dynamics f
are assumed to dominate the secondary or perturbing dynamics g.
Specifically, if the thrust and most of the gravity can be assumed to
dominate the aerodynamics and remaining gravity, Eqs. (3) and (4)
can be rewritten as

dwl T Iy _pAe Xl
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dt m » X+ X2
pV2S wy w3
- Cp— +C,— 8
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where g, is the constant X3 gravity component, 7' is the vacuum
thrust, p is the atmospheric pressure, and A, is the nozzle exit plane
area. The thrust time history is assumed to be given (no throttle).
The small parameter € is the ratio of the atmospheric scale height
H, to the radius of the Earth r, and is introduced for bookkeeping.

Unfortunately, the assumption that the aerodynamics are domi-
nated by other forces is too strong for some problems. As described
in Sec. IV, it is possible to include a large portion of the aerody-
namic forcesin the primary dynamics, butit must be done carefully,
lest the computational advantages of the perturbation approach be
lost. In essence, the division of forces assumed in Egs. (8) and (9)
is retained everywhere except at a finite number of points along the
trajectory. For now, a descriptionof the approach will be made with
reference to Eq. (7) in general.

The necessary conditions for an optimal control are Egs. (6) and
(7) along with

H=X[f(x,u)+eg(x,u)] (10)
H,=0 (1)
Huu z O (12)

a
A

A(ty) = ™ +v . (14)
9 3% _

H(t;) + o, +v o, 0 (15)

and the initial state equal to x(7,), where A is the costate vector and
v is the Lagrange multiplier vector for the final constraints. These
equations form a nonlinear two-point boundary value problem.

The approximate solution of the optimization problem proceeds
as follows. The states, costates, constraint Lagrange multipliers,
control, and final time are expanded about the small parameter €;
for instance,

x(1) =x0(t) + ex; (1) + €' x2 () + - -~ (16)

By expanding the Euler-Lagrange equationsin Taylor series about
the zeroth-orderquantities, substitutingthe expansionsfor the states,
costates, etc., and grouping by powers in €, sets of necessary con-
ditions for each order in € are obtained. If the necessary conditions
to zeroth order are of a form allowing analytical integration of the
differentialequations, then solution of the zeroth-orderproblem be-
comes a matter of finding roots to a nonlinear system of equations.
The solutionto higherorder can be obtained by quadratureintegrals;
the required functions are given by transition functions obtained
from the zeroth-orderproblem.’”7-'2 The control at the current time
1y is calculated from the zeroth- and higher-order terms as

u(to) = argmin[Ao (o) + i ()] [ (1) + eglru) ] (A7)

Note that a chief advantage of this approach is that it allows for the
easyinclusionof highlynonlinearforces in the perturbingdynamics.

To integrate the zeroth-orderdifferential equations obtained from
Eqgs. (1), (2), (8), (9), and (13), they are rewritten in terms of a new
independent variable m, the vehicle mass, where dm/dt = — o T.
The differentialequationsthen giverise to a quadraticpolynomialin
m under aradical in the denominatorof an integral. It can be shown
that the discriminant of the quadratic polynomial is a constant of
the motion."

Feeley>* provided an analytical solution to these zeroth-order
differential equations for the case of constrained final velocity. For
the ballistic missile interceptor problem, however, the final veloc-
ity is unconstrained and Feeley’s solution must be modified'?; the
appropriate integrals are obtained from standard tables.'*

III. Treatment of Constraints

The approximate solution of the optimal control problem is con-
tingent on the existence of a zeroth-order solution. Under some
circumstances, a zeroth-order solution may not exist, even though
the full optimal control problem has a solution. Consider a situation
where the primary forces are not affected by the control:

x=f(x)+eg(x,u) (18)

This can happen when, for example, the dominant term in the dy-
namics is gravity, and the aerodynamics, including the control, are
assumed to be perturbing forces.”!* For the problem of an intercep-
tor with a coast phase following boost, the control vanishes from
the primary dynamics at thrust termination. After thrust termina-
tion, the zeroth-order trajectory is fixed, the zeroth-order boundary
conditions cannot be met in general, and the zeroth-order problem
has no solution.

A similar situation can occur prior to thrust termination. An x(z,)
for which there is a full-dynamics optimal trajectory includes the
optimal thrust termination state x(¢,). A zeroth-order trajectory ini-
tialized from x(¢,) will not meet the terminal constraints. Let x(¢,)
be a state for which a zeroth-order trajectory will meet the terminal
constraints; note that xo(#,) # x(t,). For t, — t, sufficiently small,
there is no control that can drive the zeroth-order trajectory from
x(t,) to xo(#,) and thus no zeroth-order solution. Furthermore, if
t, —t, is justlarge enough to allow a zeroth-ordercontrol producing
xo(t,), this control will be very large and very different from the op-
timal control, because the assumption that the thrust dominates the
aerodynamics is flawed. The resulting zeroth-order plus first-order
approximation to the optimal control likely will be poor.

The approach used here to obtain a suitable zeroth-order trajec-
tory transforms some of the terminal constraints to linear penalty
functions using previously computed Lagrange multipliers.'® The
zeroth-order solution to the resulting problem forms a good ap-
proximation to the optimal control, but with first-order errors in the
penalized constraints. When the first-order corrections are added,
however, the control satisfies the original set of terminal constraints.
In this way, a controllability problem is effectively avoided.
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IV. Including Aerodynamics
in the Primary Dynamics

The zeroth-order equations of motion (8) and (9) presented in
Sec. II do not include any aerodynamic forces. For some trajecto-
ries, this is a good approximation. The inclusion of aerodynamic
forces through the first-order correction is effective. For other tra-
jectories, particularly longer-rangetrajectories with long coasts, the
aerodynamic forces have a large effect on the shape of the trajec-
tory, and it is necessary to include at least some of them in the
zeroth-ordersolution. The chief difficulty here is that the analytical
solutions to the zeroth-order problem are very fragile; the addition
of state- or control-dependentdynamics tends to render the problem
unsolvableanalytically. The problem, then, is to write the equations
of motion in the form of primary and perturbingforces in such a way
as to allow for analytical integration of the resulting zeroth-order
differential equations.

A new technique examined here is to assume a discontinuous
form for the states and costates. In a finite number of intervals be-
tween discontinuities,Eq. (7) and, in particular, Egs. (8) and (9) are
assumed to hold. At the discontinuities, the states are written, in
expanded form, as

xo(17) = xo(t7) + Py [xo (1), o)) (19)
w1 (1) =0 (17) + P [xo (1) ot Jea (1)

+Pju [xo (f;), uo(fj)]ul(fj) +kP; [xo (f;), uo(fj)] (20)

where

Py, w) = (11 — 1)) (1/k) gCx, w) @n
and where k = 1/e¢. The superscripts — and + indicate the left- and
right-hand limits of x, at 7;, and x and u as subscripts indicate par-
tial differentiation. Between discontinuities, then, the aerodynamic
forces are neglectedand the analyticalintegralsdiscussedin the pre-
vioussectionsare applicable. The approximateeffects of the aerody-
namics are includedin the zeroth-orderproblem at the discontinuity
points, in what amounts to a coarse numerical integration. The error
obtained by using a relatively few discontinuity points (integration
steps) is quite tolerable, however, because the overall approximation
can be greatly refined by solution of the correspondinghigher-order
problems. The number of discontinuity points is chosen to incor-
porate the bulk of the effects of aerodynamics in the zeroth-order
problem; in practice,only a few points are necessary (less that five).
Increasing the number of discontinuity points does produce a better
zeroth-order approximation, but at the cost of more calculations.

The motivation for the form of Egs. (19) and (20) can be seen
as follows. Conceptually, the discontinuoussolution correspondsto
dynamics written in the form

dx N
T =fC,u)+ ZPj(x, u)s(t —1t;41)

j=1

N
+€|:g(x, w—kYy P, u)8(t—tj+1):| (22)
j=1
where the presence of N discontinuitiesis indicated. When expan-
sions for the states and control are substituted into Eq. (22), the
dynamics are of the form

dx
— = f(xo,uo>+Z7> (o, u)8(t —t; 1) (23)
ji=1
dx
dtl = f (X0, wo) X1 + fu (X0, uo)u,
N N
P (o, )8 = 1 DX Y PrulXo, w0)( — 14 1)
j=1 j=1

N
+gx, o) + kY P;(xo, u0)S(t —

j=1

ti+1) (24)

which motivate Egs. (19) and (20). The function § is a very narrow
rectangle function with unit area and can be thought of as a Dirac
deltafunctionif an appropriatedefinition of the differentialequation
is made. The time ¢; ., is the time at the end of stage ;.

The corresponding differential equation for the costates is

o, v
- = fl@wwxr- > Pl WS~ 1;4)

j=1

+e |:—g§ , ZPT (e, )8 (1 — t,ﬂ)} (25)
_[—1

The analogs to Eqs. (23) and (24) can be obtained by expanding the
quantities in Eq. (25) in powers of €.

An expression for the values of the costates across the disconti-
nuity is derived as follows. The differential of the cost function (5)
augmented by the constraints can be written as

—[AT8x]] — [ATax]’, (26)

J
where the integralhas been broken around the discontinuityat ; and
where the symbol § here and following indicates a variation. Fol-
lowing the usual procedure,” a necessary condition for an optimal
control is obtained from Eq. (26) as

X)) X)) =0 e
Now, by taking the variation of Egs. (19) and (20),
8x0(17) = 8xo(7) + Prc[xo (17), mo (1] 8x0 (17)
+Pju[xo(t7) w0 (1)) Suo(t)) (28)
8, (1) = 831 (17) + Pacfxo (1), wo(t] 8%, (17)
+ Prec[xo(7) mo 0] %0 (17) 21 (17)
+ P x0(17), o] duo(t) x:1 (1)

+Piu[xo(t7) o (t)] Suit))

 Piuclxo (1) o] 030 (17) w1 1))

+ P[0 (7). wo(t)) ] Suo(t)) wi(2))
+hP[x0 (1)) wo (1)) ] 8x0(1)

kP [x0 (1) uo(t))] Suo(t)) (29)

By substituting Eqs. (28), (29), and an expansion of A into Eq. (27),
grouping by powers of €, and noting that Eq. (27) must be true
for arbitrary §x, (tj’), (le(tj’), duy(t;), and du, (¢;), the following
necessary conditions are obtained:

X ()P [xo(t))- mo )] = (30)

X (57) 2 (O + P [xo(t7) wotp]} =0 3D
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A ()P [xo (7). w0t
P ) e 5 1)

+lelll[x0( ) uO(t )] ul(tj) +kPj14[x0( ) uO(t )]}

(32)
XN )P ) o))
NP (). )] 1)
R O PR A SO R Y
By combining Egs. (30) and (31),
A 1Pl o)) Pul) ] =0

which determines u,(z;) implicitly. Then, Eq. (31) can be rewritten
as

M) =N ) 4Pl me]) 69

which determines )\g (tj,*). Likewise, Eq. (33) can be rewritten as
A () = (T (57) = A0 () Pree[x0(57). o) ] 2 (1)
+Pj¥1l[x0( ) uO(t )] l(t )+kij[x0( ) uO(t )]})

><{I+ij[x0(t;),u0(tj)]}7l (36)

which then can be substituted into Eq. (32) to obtain an expression
implicit for u, (¢;). Once u,(¢;) is known, Eq. (36) can be used to
determine A, (7).

If the aerodynamic forces are small enough, a further simplifi-
cation to Egs. (30-36) is possible. For the zeroth-order terms, Egs.
(30) and (31) are approximated by

X (57)Pufxo () uot)] =0 (37)

Ag(tj) :)\g(t;) —Ag(t;)P”[xo(r ) uo()]  (38)

which are the same as Eqgs. (30) and (31) except that some of the
Ao (t;) terms have been approximated by A (t;). Equation (38) is
recognized to be the first terms of a Taylor series expansion of Eq.
(35), assuming small Pjx, that is, assuming that the aerodynamics
are relatively small. This has been found to be the case for certain
problems. For the first-order terms, Eq. (33) is replaced by

A () = AT (7)) = AT () Prfxo (7). wot)] (39

which is the same as Eq. (33) except that some terms involving
X (t;) and u, (¢;) on the right-hand side have been neglected. Note
thatthe form of Eqs. (38) and (39) also can be deduced directly from
the second term of Eq. (25). These simplificationseliminate the need
for iteratively solving for the quantities across the discontinuity.

The discontinuitiesin the zeroth-order states and costates allow
for a better overall approximation to the optimal solution. At each
discontinuity,the zeroth-orderstates and costates are adjusted by the
approximate accumulated effects of the neglected dynamics. The
discontinuities in the zeroth-order solution do not pose any practi-
cal problem. The guidance objective is to determine the control at
the current time only; control in the future will be determined by
repeating the guidance calculations with a new set of initial condi-
tions. The utility of the approximation of the costates at the current
time for determining the control is unaffected by discontinuitiesin
the zeroth-order solution.

This approachto accounting for aerodynamicforces in the zeroth-
order solution also allows for the following refinement for the inter-
ceptor problem. Rather than scaling the pulse function to the entire
perturbing dynamics, as in Eq. (21), it is instead scaled to just the
control-independert drag. This is physicallyreasonablebecause the
angle of attack is small for most of the flight. This simplification

eliminates some computations and increases the convergence of the
zeroth-order problem, while still producing good zeroth-order so-
lutions.

Finally, a simpler approach to including aecrodynamic forces in
the zeroth-order dynamics is possible for the coast phases. Be-
cause the zeroth-order equations do not include thrust terms, it is
possible to introduce additional terms that are linear in the states
into the zeroth-order problem and still retain an analytical solution.
The form of these terms is justified physically; again they involve
the portion of the drag not associated with angle of attack. Details
of this approximationare providedin Sec. V.

V. Modified Equations of Motion for Coast Phases

For portions of flight during which there is no thrust, a different
technique can be used to incorporate aerodynamic effects into the
zeroth-orderproblem. The equations of motion during coastare Eqs.
(1-4) with T, = 0. Now the quantity pV Cp, changes relatively
slowly and can be approximated by a piecewise-constantfunction.

Define
_ VsC
Do = (u) (40)
2m avg

where the average is taken over an interval chosen such that pV Cp,
is nearly constant. Equations (3) and (4), written in terms of the
small parameter €, become

dw, b n Ty |: ¢ X,
— = —Dyw| + e—| —g———=
dt H, \/X%-FX%
_ Vs
+ Dyw, _p_(CD w; + Cy w3)i| (41
2m
dw; Ty X3
— = —Dyws g5+€_|:gx &=
dt H, [w/X%-f-X%
_ Vs
+ Dyws = 5= (Cpwy —chl)} 42)

[Contrast these with Egs. (8) and (9).]
The zeroth-order equations of motion then are Egs. (1) and (2),
and

dw _
— = —Dow (43)
dw3 —
— = —D, — g 44
dr w3 — & (44)

where, for clarity, the subscript indicating zeroth-order quantities
has been left out.

The zeroth-order state differential equations are linear and non-
homogeneous; by the method of undetermined coefficients,'® their
integrals are written as

X)) =X,(t) + ; ) g —exp[—Do(t — )]} (45)
ws (1)
X =X
3(1) = 3(f)+|: D D§i|
x {1 — expl—Do(t — 1)1} — %(r —1) (46)
0

wi (1) = w; (t;) exp[—Dy(t — )] (47)

w3 (1) = w; () exp[—Do(t — 1)]

— (8/Do){[1 — exp[—Dy(t — 1)1} (48)
where 7; is the time at the beginning of the coast phase. Also by the
method of undetermined coefficients, the zeroth-order costates are

Ax, (1) = Ax, (1) (49)

Ax; (1) = Ay, (1) (50)
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Ay (1) = Ay, (1) exp[—Do(t — ;)]

20 o By — 1) 51)
Dy

Aus (1) = Aoy (1) exp[—Do(t — )]

+ 208 ) expr-Bye — o) (52)
Dy

The first-order costates are calculated in the standard way. The
zeroth- and first-order costates are used in Eq. (17) to produce the
approximation to the optimal control.

VI. Relation to Previous Work

The approach used to incorporate some of the effects of aerody-
namics into the zeroth-order problem, described in Sec. IV, bears
some resemblance to previous approaches. A description of those
approaches and their relation to the current approach follows.

Feeley** noted that the analytical solution to the thrusting zeroth-
order problem is preserved if the zeroth-order dynamics are aug-
mented by constants or integrable functions of time only. He used
piecewise-constant aerodynamic pulses to model the aerodynamic
forces during the flight, which was powered throughout:

E :f(x,u)—l—&—l—e[g(x, u)—&i| (53)
dr m em

The subscript j indicatesthe currentinterval; the number of inter-
valsis chosento give good performance.He selectedthe magnitudes
of the pulses to account for the average state- and control-dependent
forces in each interval along the vacuum zeroth-order trajectory:

1 Lji+1
Pj = / €”lg(xvaca uvuc) dr (54)
L1 =14 J,
He modeled mass as linear in time, so that the pulses integrated
to logarithmic functions in the zeroth-order solution. Note that the
pulses appear in the derivative equations and thus give rise to con-
tinuous integrals.

The Feeley approach has two drawbacks. First, the functional
form of the zeroth-order costates is not changed; they are still con-
tinuous and either constantor linear functions of time, with a single
slope for the entire flight. This can be a poor approximation to the
actual costates, whose slope can vary significantly between endoat-
mospheric and exoatmospheric regions of flight (see Figs. 4 and 5
in Sec. VII). The functional form of the costates resulting from the
approachdescribedin Sec. IV, on the other hand, allows for a much
better approximation to the optimal costates.

Second, the average aerodynamic forces are highly dependenton
the angle-of-attackhistory, which can vary greatly between the vac-
uum and optimal trajectories. The latter problem can be addressed
by solving the zeroth-order problem repeatedly, while reevaluating
the pulse magnitudes each time along the latest zeroth-ordertrajec-
tory. This is equivalent to simultaneously satisfying, while solving
the zeroth-order problem, the set of equations

P, =
J
I

1 Lji+1
_— / emg(xy, ug) dt (55)
w11y
Instead of n + 1 equations, solving the zeroth-order problem now
involves solving n(1 + N/2) + 1 equations for n(1 + N/2) + 1
unknowns, where n is the number of states and N is the number of
intervalschosen. The unknowns are the unknown states and costates
at the initial time, the value of the final time, and the nN /2 pulse
magnitudes.

Leung and Calise'' suggested a generalization of this approach.
Using the framework of the collocationmethod, they suggestwriting
the dynamics and Euler-Lagrange equations as

;E =fx,u)+P; +e |:g(x, u) — &i| (56)
t €
i—?:—fxT(x,u))\-I—Q,+e|:—g§(x,u))\—%i| (57)

where the pulses are evaluated at the midpoint of the interval along
the zeroth-order trajectory:

P; = [f (xo, o) + € g(x0, 10)Imia (58)

Q; =[] (o, o) Xy — € 1 (xo, 1) Ao ] (59)

mid
Leung and Calise found that the state pulse functions P; are not
necessary for heavy launch vehicle guidance and, further, that the
zeroth-order costate equations can be simplified:

dx
7 o Sew) teglrw) (60)
—fT )
A Qj+e [—f-‘ Cw A —glx ) A — %} (61)
dr € ) €

(Note that Leung and Calise wrote these equations in terms of a
different parameter €.) The number of equations that must be solved
in the zeroth-order problemis n(1 + N) + 1.

The primary advantage to the Leung and Calise approachis that,
with a judicious choice of intervals, the piecewise linear form of
the zeroth-order costate equations can approximate well the opti-
mal costates. The penalty, shared by the Feeley approach as well, is
the increased number of equations to solve in the zeroth-orderprob-
lem. Because the convergence of the solution to the zeroth-order
problemis greatly dependenton the dimension of the problem, this
is a significant disadvantage. Furthermore, for vehicles with long
coast phases, the energy at thrust termination can be important in
determining the shape of the coast arc. Therefore, the state pulse
functions P; may be required as well, raising the number of equa-
tionston(1+2N)+1.On the other hand, the approachdescribedin
Sec. IV does notincrease the number of simultaneousequationsthat
must be solved in the zeroth-order problem; the number of equa-
tions remains n + 1. There is a computational burden associated
with the evaluation of the discontinuties during the analytical inte-
gration of the zeroth-orderequations,but no increase in the problem
dimension.

VII. Results

The algorithm described here was used to generate approximate
optimal intercept trajectories against moving targets. The results
were compared to optimal trajectories generated using a numerical
second-order sweep method.'? The near-optimal guidance scheme
also was compared to two other guidance schemes, a gravity turn
followed by proportional navigation and a pure gravity turn.

The interceptorhas a four-stageboostphase lasting 33 s, followed
by an aerodynamically controlled coast to intercept. Neither a ter-
minal propulsion system nor an explicit terminal guidance scheme
was modeled; the results here are indicative of the early- and mid-
course guidance performance with which a terminal system would
have to contend. The target was modeled as moving along a ballistic
re-entry path; the target motion was varied both spatially and tempo-
rally. Only a two-dimensionalmodel was consideredhere, although
application of the theory to three dimensions is straightforward.

Table 1 contains the intercept times for the optimal and approx-
imate-optimal trajectories. For all trajectories, the miss distance
(range at closest approach) was less than 1 m. For the longer-range
interceptions, it is necessary to use pulse functions to include in
the zeroth-order solution the effects of aerodynamics, as described
in Secs. IV and V. Note that the intercept time for the approximate
algorithmis very close to the optimal for the cases where an optimal
trajectory is available. Note also the negligible miss for each target.
Several of the interceptions are illustrated in Fig. 1.

The importance of including some aerodynamic forces in the
zeroth-order solution is illustrated by Table 2. The table shows the
zeroth- and first-order costates for the cases where the primary dy-
namics include no aerodynamics and where the primary dynam-
ics include pulse aerodynamics. Without aerodynamics in the pri-
mary dynamics, the first-order corrections to the costates swamp
the zeroth-orderapproximations,in violation of the assumption that
the higher-ordercorrections are small compared to the zeroth-order
quantities. The practical consequenceis that, without aerodynamics
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Table 1 Interceptions against various targets

Intercept position, m Intercept time, s

Pulse X1 X3 —ry Actual Optimal
No 64,087 26,697 36.228 36.028
No 71,274 31,774 39.221
No 92,329 45,825 48.033
No 134,513 70,280 65.621
No 176,981 89,926 83.056
No 224,672 106,036 102.217
No 281,132 94,853 120.777 120.766
No 307,857 87,364 130.856
No 336,559 79,810 139.884
Yes 445,630 37,792 179.046 178.712
Yes 476,970 29,725 190911
Yes 525,210 14,933 209.312
Yes 545,374 7,512 217.014
Yes 562,804 —2,403 223.566
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in the primary dynamics, the control is poor and zeroth-order solu-
tion does not converge after about the second stage. On the other
hand, the near-optimal guidance law that includes aerodynamics in
the zeroth-order problem produces controls that are quite close to
the optimal, as shown in Figs. 2 and 3.

More insightcan be gained into the importance of the pulse aero-
dynamics by examining the zeroth-order costate trajectories (Figs.
4 and 5). The costates shown are not the result of a closed-loop
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guidance law flown out to interception, but rather are the quantities
predictedby the first guidancepass. With no aerodynamicsin the pri-
mary dynamics, the zeroth-order costates are linear and cannot ap-
proximate the nonlinear,nonmonotonicoptimal costates. With aero-
dynamic pulses in the primary dynamics, though, the zeroth-order
costates are piecewise linear and can mimic the optimal costates
well.

Finally, the near-optimal guidance law was compared with two
simple guidance laws to get some idea of the relative performance.
A gravity-turn guidance law was implemented by calculating the
appropriate flight-path angle at the end of the pitchover maneuver
andthen flyinga gravity turn (thatis,a zero angle of attack) trajectory
thereafter in an open-loop fashion. The flight-path angle at the end
of the pitchover maneuver was calculated by iteratively integrating
the full equations of motion until the predicted target miss was zero,
within the resolutionof the numericalintegration. Another guidance
law used this same algorithmuntil the final portion of the flight, when
the guidance switched to proportional navigation.

The gravity turn and gravity turn plus proportionalnavigationgive
reasonable performance under nominal conditions. Their weakness,
of course, is that they do notrespond well to off-nominal conditions.
To illustrate this, the three laws were compared for cases in which
the actual thrustwas either 100 or 101% of the valueusedin the guid-
ance calculations. The comparison was done for the 179-strajectory.
The results are in Table 3. The approximate optimal guidance law
providesbetter performance,as measuredby the intercepttime, miss
due to guidance, and specific energy at intercept, especially under
off-nominal conditions. In practice, the terminal phase would be
powered and some terminal guidance law would be used to reduce
the actual miss, including miss due to target state estimation error
during boost. The miss tabulated here should be interpreted as in-
dicative of the relative effort such a system would be required to ex-
pend to overcome boost guidance errors. The greater effort required
for the simpler guidance schemes ultimately translates into greater
weight and cost. Furthermore, the simpler guidance schemes fly less
efficient trajectories, as indicated by the lower specific energies at
interceptand by higher dynamic pressures. The peak dynamic pres-
sure for the near-optimal guidance law is about 800 kPa, whereas it
is about 1100 kPa for the gravity turn plus proportional navigation
scheme.
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Table 2 Costate estimates at time 0, with and without pulses

Case Ax,

Axs

Aw;

Aws

—1.9472596E —04
—4.0318136E—-05
—2.3504410E—-04
—2.2001032E—-04
—8.7673496E —08
—2.2009800E —04

No pulses, zeroth
No pulses, first

No pulses, total
With pulses, zeroth
With pulses, first
With pulses, total

—7.5218748E—-05
—1.9412660E —-03
—2.0164848E—03
—1.4148803E—-03

8.0784862E—-05
—1.3340954E—03

—3.2471950E—-02
3.4258386E—03
—2.9046111E-02
—3.0583471E—-02
1.4042609E —-03
—2.9179210E-02

—1.2543266E—02
—1.6161806E—02
—2.8705071E—-02
—2.5026941E—-02
—2.0058933E—-03
—2.7032834E-02
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Optimal —2.1440427E—-04 —1.1963102E—-03 —2.8421884E—02 —2.6577802E—-02
Table 3 Guidance performance, nominal and off-nominal conditions (179-s trajectory)
100% thrust 101% thrust

Scheme Time, s Miss, m Sp. energy, m?/s? Time, s Miss, m Sp. energy, m?/s?
Optimal 178.712 0 4.22E6

Approx optimal 179.074  1.418E—4 4.18E6 177.998  5.003E—7 4.27E6

Gravity turn/pronav 181.450 84.033 3.88E6 180.305 1386.279 3.99E6

Pure gravity turn 181.376 5.840 3.95E6 180.246 1518.488 4.05E6

VIII. Conclusions Speyer, J. L., and Crues, E. Z., “Approximate Optimal Atmospheric

The near-optimal guidance law produced using a perturbation
procedure is effective for boost and coast interceptor guidance
against a wide range of target motion. The control and the inter-
cept times are close to optimal, and the miss is negligible. This
algorithm s feasible for implementation in an onboard computer.

For longer ranges, the aerodynamics cannot be considered to be
merely perturbing forces. The primary dynamics must be written
such that some of the effects of the aerodynamics are included. If
they are not, the resulting approximationsto the optimal control are
poor or the algorithm breaks down altogether. Introducing approx-
imations to the aerodynamics using narrow pulse functions is an
effective way to include the important aerodynamic effects without
expanding the dimension of the zeroth-order problem.
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